Perturbation theory of equation of state due to Barker and Henderson is reformulated. This new formulation makes it possible to calculate the Helmholtz free energy of a fluid system analytically by perturbation relations of Barker and Henderson, without use of any approximation or need of any numerical table for the hard-sphere reference system other than the original Percus-Yevick approximations. The results are compared with the calculation of Barker and Henderson, and it is shown that the two agree with each other at all the temperatures which are compared, while the present method produces compressibilities slightly closer to the experimental and machine-calculated data. The results of the present method, based on average Percus-Yevick hard-sphere compressibilities, are also compared with the result of other theories of equation of state of simple fluids, molecular dynamics, and Monte Carlo calculations.
I. INTRODUCTION
Perturbation equation of state of simple fluids due to Barker, Henderson, and co-workers has been probably a more successful approach to the prediction of equili brium thermodynamic properties of simple real fluids,1 classical and quantum, than other approaches so far published. The main objective of this perturbation approach is to calculate the properties of simple real fluids by perturbation around a reference hard-sphere fluid. For this purpose the macroscopic properties of the reference hard-sphere fluid should be as analytic as possible with respect to the molecular properties of hard spheres. While some satisfactory analytic relations are available for the hard-sphere equation of state, no satis factory analytic form for the radial distribution func tion of the hard spheres, which is also needed in the perturbation equation of state of Barker and Hender son, is available. In the present paper a method is in troduced by which this difficulty is eliminated.
II. REFORMULATIONS
Barker and Henderson 1 have shown that a perturba tion approximation of the partition function of a system of simple spherical molecules with pairwise additive potential energy gives the following relation for Helm holtz free energy: Japan Suppl. 26,284 (1969) . Look for the other references in this paper.
In Eq. (1), g 0 (d, R) is the radial distribution function of a reference system of hard spheres with diameter d such that Barker and Henderson,2 Eq. (1), used the local com pressibility approximation for the second-order pertur bation term. In the present formulation we use the macroscopic compressibility approximation. As stated by Barker and Henderson, the use of either approxima tion does not change the over-all picture appreciably. The macroscopic approximation gives better agreement with machine-calculated data at low temperature, whereas the local approximation is slightly better at
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FIG. 1. Compressibility of hard spheres vs VIVo, (Vo=
high temperatures. In the present formulation, the macroscopic approximation is used to avoid double numerical differentiation of the second term with respect to density in deriving compressibility. The corresponding expression for the macroscopic approximation is given by
The integral in the first term, in the right-hand side of Eq. (3) can be written as 
where x=R/d and c=d/u, the first term in the righthand side of Eq. (4) can be written as
The Laplace transform form of Rg o ( d, R) , that is, C(d, s) , as defined by Relation (5) has been derived analytically by Wertheim 4 from Percus-Yevick integral equation for hard spheres and is given in the Appendix of the present paper. The inverse Laplace transform of x u (c, x) , that is U 1 (c, s) , is defined by Eq. (6).
.,. Considering Lennard-Jones (12,6) potential function 
and where
[1 (S)6 1]
U1(c,s)= -s4 ----c 6
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From thermodynamic relations for pure systems, the compressibility can be derived from the Helmholtz free energy by 
Z=PV/NkT=p(iJ/iJp)(F/NkTh
where (PV /NkT)o is the hard-sphere compressibility and
andf(s,TJ) is given in the Appendix.
Equation (12) It is also possible to use the arithmetic average of the two equations of state for hard-sphere system which were derived by Thiele 8 from the Percus-Y evick integral equation by using viral and Ornstein-Zernike relations, namely
This average relation, besides having a good match with machine calculations as shown in Fig. 1 
III. RESULTS
The necessary computations are performed by GE 430 time-sharing computer. The integrations are done numerically by Simpson's rule and the accuracy is checked by changing and decreasing the interval widths in the integrations. Table I presents a comparison of the results of the present analytical formulation with the results of Barker and Henderson at reduced densities for four different isotherms. Both of the results are calculated by using Pade approximant of Ree and Hoover for the hard-sphere compressibility. The compressibility coefficient of the hard spheres, and its derivative with respect to density, are calculated from (Percus-Yevick)-(Ornstein-Zernike) compressibility relation. 4 • 8 As can be easily seen from Table I , the values of the compressibilities of Lennard-Jones (12, 6) potential calculated by the present method are slightly lower than the values calculated by Baker and Henderson at high densities and are slightly closer to the experimental and machine-calculated data. The difference between the results of the two methods increases at lower temperatures. This difference could be very well due to the difference between the local compressibility and macroscopic compressibility approximations which are used in the two methods for the coefficient T*-2 in the relation of the Helmholtz free energy respectively. Figures 2 and 3 show the compressibility of LennardJones (12, 6) fluid as calculated by different theories versus density. For the perturbation curve Eqs. 14-16 are used to compare the perturbation around the Percus-Yevick equation for hard spheres with the direct solution of Percus-Yevick equation for Lennard-Jones potential. The comparison indicates that while Percus y evick equation for Lennard-} ones potential is as good as perturbation calculations for Lennard-Jones around hard-sphere system at high temperatures, the former diverges at low temperatures, while the latter does not.
